A new infinite series of Einstein metrics is constructed explicitly on S 2 × S 3 , and the non-trivial S 3 -bundle over S 2 , containing infinite numbers of inhomogeneous ones. They appear as a certain limit of a nearly extreme 5-dimensional AdS Kerr black hole. In the special case, the metrics reduce to the homogeneous Einstein metrics studied by Wang and Ziller. We also construct an inhomogeneous Einstein metric on the non-trivial S d−2 -bundle over S 2 from a d-dimensional AdS Kerr black hole. Our construction is a higher dimensional version of the method of Page, which gave an inhomogeneous Einstein metric on CP 2 ♯CP
Introduction
Anti-de Sitter (AdS) spaces have attracted renewed interests after the AdS/CFT correspondence conjecture [1] , which relates the properties of the supergravity on AdS and those of the strongly coupled gauge theory on the AdS boundary. For example, the Hawking-Page phase transition [2] between AdS and AdS Schwarzschild black holes was interpreted [3] as the phase transition between confining and deconfining phases of the dual gauge theory. Motivated by this, the study of AdS black holes has been extended in various directions. Among them, AdS Kerr black holes with two angular momenta in 5-dimensions, as well as ones with one angular momentum in d-dimensions were constructed in [4] .
On the other hand, an inhomogeneous Einstein metric on CP 2 ♯CP 2 was constructed by Page [5] . This metric is of cohomogeneity one with principal orbits S 3 . It was obtained as a certain limit of the 4-dimensional de Sitter black hole together with the Wick rotation. It should be emphasized that this metric is the first example of inhomogeneous Einstein metrics. Furthermore, Böhm proved the existence of an infinite series of Einstein metrics of cohomogeneity one with positive scalar curvature on S N (5 ≤ N ≤ 9) and S N 1 +1 × S N 2
(5 ≤ N 1 + N 2 + 1 ≤ 9, N 1 > 1, N 2 > 1) [6] . Combining these two observations, we explicitly construct new Einstein metrics with positive scalar curvature on sphere bundles, applying the method developed in [5] to the 5-dimensional AdS Kerr black hole with two angular momenta and the d-dimensional AdS Kerr black hole with one angular momentum constructed in [4] . In summary, we will construct In terms of these parameters, we have
Let us consider a nearly extreme black hole; it has two horizons located at r = r 1 ≡ r 0 − ε and r = r 2 ≡ r 0 + ε, where the parameter ε represents a small deviation from the extreme black hole. In the region between two horizons, Ω(ε) = {r|r 1 ≤ r ≤ r 2 }, we introduce a new radial coordinate χ (0 ≤ χ ≤ π) by r = r 0 − ε cos χ.
(2.6)
The ∆ r = −(r − r 1 )(r − r 2 )∆(r) restricted to Ω(ε) is then given by
(2.8)
We consider the limit ε → 0 of the metric (2.1) in the region Ω(ε). In this limit, the term proportional to ∆ r vanishes and so leads to a singularity of the metric. To avoid this, we define a rescaled time coordinate
It is also convenient to define the azimuthal angles
The new coordinates (η, χ, φ 1 , φ 2 , θ) are then well-behaved local coordinates in the limit ε → 0:
where
Finally, we obtain a metric with two parameters ν 1 and
Here, g S 2 represents the standard metric on S 2 ,
The 1-forms ω i (i = 1, 2) are defined by
and ψ i are introduced as
The metric components are found to be §
24) § The metric is symmetric with respect to the exchange (ψ 1 , ν 1 ) ↔ (ψ 2 , ν 2 ). Taking account of this symmetry, we often discuss only the one side.
These conditions ensure that singularities of the Riemannian curvature disappear, and further the metric components are non-negative, i.e., the eigenvalues of a ij are non-negative and
Next, we consider the condition to avoid orbifold singularities, which restricts the range of the angles (θ, ψ i ) and the parameters k i . We calculate the determinant
Now clearly θ = 0, π/2 are zeros of the determinant ♮ , and so the range of θ must be restricted to 0 ≤ θ ≤ π/2. The singularities at θ = 0, π/2 are removable bolt singularities. Indeed, near the boundaries the metric behaves as
and
(2.33)
♮ The other zeros are given by the roots of ∆ 0 θ = 0. In this case, we can find further non-trivial metrics. We will discuss them in the forthcoming paper [8] .
Thus these singularities are removable provided that the ranges of ψ i (i = 1, 2) are chosen to be 0 ≤ ψ i ≤ 4π. In this range, (θ, ψ 1 /2) as θ → 0 and (π/2 − θ, ψ 2 /2) as θ → π/2 are the usual polar coordinates on R 2 . We also demand that k i is integral (see eqn.(2.22)), then the 1-forms ω i = dψ i + k i cos χdη are identified with connections on the lens spaces 
They are classified by [γ] ∈ π 1 (SO(N + 1)) = Z 2 . Globally our metrics (2.19) can be regarded as those on S 3 -bundles over S 2 .
We will discuss the cases A, B and C separately below.
Case A We can write the metric (2.19) with (2.20)-(2.28) as
36)
38)
39) 
(2.41)
The metric (2.35) can be regarded as one on the associated S 3 -bundle of the principal
The connection ω = ω 1 ⊕ ω 2 is given by together with the integral conditions;
44) If the integer k 1 + k 2 is even (odd), then the bundle is trivial (non-trivial).
Remark 1. There exists the unique pair (ν 1 , ν 2 ) for each (
. For example, they are numerically evaluated as
Remark 2. In the limit (ν 1 , ν 2 ) = (ν 1 , ∞), the metric tends to
after the rescaling ν 2 1 g → g. When we make a modification of the range of ψ 1 ,
then (2.46) represents the standard metric on S 5 .
Case B
The parameters ν 1 and ν 2 are restricted to 0 ≤ ν The case (ii) corresponds to (ν 1 , ν 2 ) = (±1, ν 2 ). The corresponding Einstein metric (2.19) is independent of ν 2 and coincides with the standard S 5 -metric after a modification of the angle ψ 1 = 2ψ 1 (0 ≤ψ 1 ≤ 4π):
One can show that the analysis remains true even if the range is extended to ν 2 > 1. In the case (i), we have (ν 1 , ν 2 ) = (± 1 2
, 0). Then, the Einstein metric (2.19) is of the form
which gives a metric of cohomogeneity one with principal orbits S 3 × S 1 . The principal orbits collapse to S 2 × S 1 at θ = 0 and S 3 × {point} at θ = π/2. Globally the metric can be regarded as one on the non-trivial S 3 -bundle over S 2 . In section 2, we will construct Einstein metrics on S N -bundles over S 2 (see Theorem 3), generalizing the metric (2.49) to higher dimensions.
Case C When we put ν 1 = ν 2 ≡ ν, the metric (2.19) is
51)
52)
The 1-form ω 1 ⊕ ω 2 is a connection on the T 2 -bundle over S 2 , locally written as
⋄ Remember that the metric is symmetric under (ψ 1 , ν 1 ) ↔ (ψ 2 , ν 2 ). ♯ We have rescaled the metric as
Here the coefficient k is evaluated as
by using (2.22), and it is required to be k ∈ Z. In this case the T 2 -bundles collapse to the same lens space L k at each boundary. Notice that by introducing the Maurer-Cartan forms of SU(2)
56)
57)
the fiber metric of (2.50) can be rewritten as 
proof. By the coordinate transformation,
60) the metric takes the form 
Remark 3. There exists the unique real number ν k for each k ∈ Z. The value of ν k is explicitly given by
for k ≥ 0, and ν −k = −ν k .
Remark 4.
In the case ν 0 = 0, the metric coincides with the product metric on S 2 × S 3 :
(2.62)
On the other hand, in the limit ν k → ±∞ (k → ±∞), the fiber
collapses, and the metric tends to the product metric on S 2 × S 2 :
The AdS Kerr black hole in d-dimensions (d ≥ 4) was constructed in [4] . It can be straightforwardly transformed to the Euclidean form, The remaining procedure is completely parallel to the one in the section 2; consider a nearly extreme black hole, and take the limit ε → 0. Actually we define new coordinates (η, χ, φ 1 ) instead of (τ, r, φ) as r = r 0 − ε cos χ, In the limit ε → 0, we find a one-parameter family of d-dimensional Einstein metrics 
